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Introduction 


Yang-Mills theory 


We consider SU{N) Yang-Mills theory: 



YM coupling is not a free parameter, but defines the strong scale: 


A = /xexp 



- l^f) 
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Introduction 


Instantons and 9 angle 


4d Yang-Mills theory also has the nonperturbative parameter: 6 angle 

C = hr^ + ieFF. 

This term is a total derivative, so it does not appear in EOM: 

Df,Ff,p = 0 . 

But, this total derivative term counts the number of instantons: 



n G Z. 


(Belavin, Polyakov, Schwarz, Tyupkin, ’75; Callan, Dashen, Gross, '76) 


□ gi - ► , = ^ ^0'\0 
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Introduction 


9 plays the role of (imaginary) Chemical potential for topological 
charges: 

OO 

ex]i{—'m9)Zn- 

n=—oo 

The 6 angle is thus 27t periodic: 

Z{e + 27r) = Z(9). 

Under CP transformation, 9 —)■ —9. CP is a symmetry only at 

6 ^ = 0 , TT. 
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Introduction 


CP symmetry, and chiral dynamics in QCD 


In our Universe, CP is a good symmetry in the strong sector: 

QCD 9 angle is zero consistent, \9\ < 10“^°. 

(•4=^ |(^neutron| 3 ^ 10 C' Cm) 

Still, 6 can capture nonperturbative aspects of strong interaction. 
Chiral dynamics and 6 dynamics are closely related. 

f/(l)A : V'^ ^ e^e + 2Nfa. 

Better understandings of 6 leads to better understandings of chiral. 
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Introduction 


T-6 phase diagram 

In this talk, we want to explore the T-6 phase diagram of Yang-Mills 
theory: 



(Strictiy speaking, we will consider its analogue.) 

□ gi = = 1 ^0'\0 
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Review 


Review on 6*-angle 
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Review 


9 angle in quantum mechanics 

To get an insight, let me explain Ø-angle in quantum mechanics: 

r 1-2 ^ • 

^Mink = 2^ + 

This is a particle on a ring, g ~ g + 2%. 

9 term is total derivative, so it does not appear in EOM: 

q = 0. 

The same is true for YM. What is the role of 91 
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Review 


To see the effect of 9, let us perform canonical quantization: 

Therefore, the Hamiltonian depends on 9\ 


«=P^-Lu..= \(p-l 


Since g ~ g + 2 ti , the eigenstates are exp(mg) with n G Z: 


En{6) = - (n - 

^ ^ 2 V 271 


Effect of 6 appears in quantum-mechanical eigenenergies. 
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Review 


Large-confined phase of SU{N) YM 


In confined phase, I want to explain 6 in YM is very similar to that in 
quantum mechanics. 

’t Hooft large-limit: 

N ^ oo with A = g‘^N fixed. 

We can rewrite the path integral as 



ZiO) ^ / 


Vaexp 


In the N ^ oc limit, 9/N is more natural variable than 9 itself. 

(witten, '80, ’OS) 
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Multi-branch structure of confined vacua 


Since 6/N is quite small as —)■ oo, 

£{9) = N^fie/N) 

= + + o{eyN‘^). 

Xtop = f”iO) is the topological susceptibility (~ A^). 

However, £(9) must be 2ti periodic, while the above is not. 

^ Multi-branch structure (witten, ’so, ’gs): 

Note: This is very analogous to the quantum mechanical example. 

□ gi - = 1 
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Schematic illustration of £(0): 



At 9 = TT, the level Crossing occurs: Ist order phase transition. 
CP symmetry at 6^ = vr is spontaneously broken. 
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Review 


Comparison of confined/deconfinement phases 

As T A, YM theory shows deconfinement. 

The 6 dependence is carried by the dilute gas of instantons 

(Cross, Pisarski, Yaffe, ’8l): 

J^{e) -cos(0)T^exp 

No singularity in 9. 

What we have got so far is: 

• T A: CP is broken at 6 = tt with Ist order transition. 

» T S> A: Smooth 9 dependence. 
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New anomaly matching 

Recently, new anomaly matching was found for pure YM 

(Gaiotto, Kapustin, Komargodski, Seiberg, ' 17 ^'. 

Confinement ^ CP-breaking at 6^ = vr. 










SYM and adiabatic continuity 


Åf = 1 super YM and adiabatic continuity conjecture 
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SYM and adiabatic continuity 


How to explore the phase diagram? 


We would like to study the T-9 phase diagram: 

® Confinement-deconfinement transition. 

9 CP-breaking/restoration at 9 = n. 

In pure YM theory, confinement-deconfinement lives in the strong 
coupling region. 

^ Lattice Monte Carlo simulation 

Big issue: Ø-angle produces the sign problem. 
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SYM and adiabatic continuity 


Weak-coupling confinement/deconfinement 

Our approach 

We change the model, whose deconfinement transition lives in the 
weak-coupling regime. 

^ softly-broken M = 1 super YM on x 

(Oavies, Hollowood, Khoze, '00, Unsal, '07-) 

Lagrangian: 

^tr(F A -kF) + -|- (mtr(AA) -|- c.c.)j. 

A: gluino, left-handed Weyl fermion in adjoint rep. 

For m = 0, there \s J\f = 1 supersymmetry. 

As m —)■ oo, gluino decouples, and the theory becomes pure YM. 

□ gi - = 1 
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SYM and adiabatic continuity 


1)^-twisted partition function 

We compute {F\ fermion number) 

Z{L) = Tr [(-l)^exp(-L^) 

When m = 0, this is Witten index and independent of L. 
OO 


Confined 


L 

0 


✓ 

✓ ^ 


r, - 9 


Deconfined 


This Work 


m 


oo 
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SYM and adiabatic continuity 


Weak-coupling theory on small x 

With of size L A, theory effectively becomes 3-dimensional. 
Field contents: 4d gauge field splits into 
® (p = Lao', adjoint scalar field, 

* a*: 3d gauge boson. 

P = exp(iø) is the Polyakov loop, center-symmetry order parameter. 


When m = 0, the loop-effective potential for ø is not generated: 


KM = - E + ■ ■ ■ + E + ■ ■ ■ = o- 


n>l 


n> 1 

s.« 




gluon gluino 

At the perturbative level, <p can take arbitrary expectation values. 
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SYM and adiabatic continuity 


At generic ø, adjoint Higgsing occurs: 

SUiN) 

Fqi = o.i]'^ + ■ ■ ■ ^ the mass term for off-diagonal 3D gluons. 

mw ~ 2tt/NL. 

This gives the good description for NLA <C 27 r. (unsai, 07-) 
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SYM and adiabatic continuity 


Low-energy bosonic degrees of freedom: 
a Polyakov-loop phase: <p 
a Dual photons: cr (der ~ Ttrda) 

Semi-classical configurations (lee, Yi, ' 97 , Lee, Lu, '98, Kraan, van Baal, '98): 

a (A^ — 1) BPS monopoles Mj (~ ’t Hooft-Polyakov monopole) 
a KK monopole Mq 

Mi has the magnetic charge exi and the topological charge 1/N. 

Mi ~ exp (icKj • (cr + rep)) 

with r = + i^. 

2tt 

MqMi ■ ■ ■ Mjq_i = is the 4D SU{N) instanton. 
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Semiclassical effective theory 


EfføCtivØ pOtøntisl (Poppitz, Schafer, Unsal, '12, Argyres, Unsal, '12)! 

Ng^ 


Kl, = \M, - 


i=0 


i=0 




(Mi + Mt) 


Here, 


7 cx: 


m 

L2A3 


is the dimensionless "temperature” of this theory. 
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'y-0 phase diagram 


7-6* phase diagram and novel CP-broken phase in SU(2) 
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'y-6 phase diagram 


Center and CP symmetries 


EfføCtivØ pOtøntial (Poppitz, Schafer, Unsal, '12, Argyres, Unsal, '12)! 


N-l 


Uff = |M. - - i ^ 


i=0 


iV-1 


i=0 >- 


1 - igfs Hm,m- 


(Mi + M-), 


with MqMi ■ ■ ■ Mj^_i = 


In this semiclassical effective theory, center and CP symmetries are 
realized as follows: 

® Zjv center: —)■ Mj+i. 

• CP: Mi M*. 

Because of MqMi ■ ■ ■ M^-i = CP exists only at 6* = 0 or tt. 


□ gi - . , = ^ ^0,0 
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'y-6 phase diagram 


Confined phase 

Confined phase must respect Z^r center: Mj —)■ Mj+i, so 
hd = Mq = Ml = ■ ■ ■ = M.j^_i. 


It must solve 

= exp(iØ). 

M = exp(i(0 + 27ik)/N) with fc = 0,1,..., iV — 1. 

Confined vacua: 




confined 


min 

k 


cos 


9 + 27ik\ 


We can explicitly confirm 

® F-branch structure of vacua. 

9 CP-breaking at 6* = tt. 

■ □ ■ - gi 
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'y-6 phase diagram 


Deconfined phase for > 3 

For N > 3, the deconfinement transition is of the Ist order. 

Especially when S> 1, we can approximate Mi as a continuous 
funetion of i/N\ 

X{t = i/N - 1/2) = Mi. 

With that approximation, 

To obtain the deconfinement phase, we solve EOM, 



with the boundary condition, X(±l/2) = 0. 

□ gi - . , = 
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'y-6 phase diagram 


Deconfinement transition 

Free energy of deconfined phase: 


-Fdec — 


Am 


Comparison of -Fconf/dec gives the deconfinement temperatures: 


T^dec(^) 



Expectation values of monopoles above the deconfinement transition: 


1 

= X{ti) = 3(1 - At^), Mo = — 1^—J exp(iØ), 
{U = t/N-l/2). 
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phase diagram 


Deconfinement and CP restoration 

At 6^ = TT, all Mi are real. This means, for SU{N) with S> 1, 

7dec(7r) = 7cp. 

We numerically checked all the gauge groups except SU{2) shows 
that 

• the deconfinement transition is the Ist order transition, 

® 7dec(7r) = 7CP- 
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'y-6 phase diagram 


Novel deconfined CP-broken phase for SU{2) 

SU(2) is special: Deconfinement is the 2nd order transition. 



Novel deconfined, PP-broken region appears for 7dec(7r) < 7 < Jcp- 

7*c(>r) = 8 (1 + P) . 7CP 8 (1 + I.43P) . 
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Summary 


Summary 


« T-9 phase diagram of pure YM is very interesting. 

* We study its analogue in softly-broken J\f = 1 super YM. 

► Confinement-deconfinement transition on x 5^ accepts 
weak-coupling description. 

► We can analyze the 9 dependence analytically. 

9 For all the gauge group except SU{2), 7dec(7r) = 7cp- 

* For SU{2), 7dec(7r) < 7cp: Novel deconfined, CP-broken phase. 
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